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Introduction

A S spacevehicletechnologydevelops,the rendezvousof a space
vehicle with a space station or a celestial object becomes pos-

sible and imminent. Many rendezvousguidance strategies for land-
ing on an asteroid or the docking of two vehicles have been studied
recently. The rendezvousproblems of two space vehicles in two di-
mensions were presented in Refs. 1 and 2. Under similar dynamical
equations, the rendezvous of a space vehicle with an asteroid was
discussed in Refs. 3 and 4. However, the existing studies tended
to neglect the combined impact of atmosphere and gravity. The
Viking Lander descent to Mars through an unknown atmosphere
density pro� le, winds, and terrain characteristics was described in
Ref. 5. Autonomous spacecraft navigation and control for a comet
landing with model error and the effects of environmental distur-
bances was analyzed by Monte Carlo simulation in Ref. 6. The
rendezvous with a celestial object usually consists of three succes-
sive phases3: 1) cruiseor transfer to the vicinityof the celestialbody,
2) approach, and 3) maneuvers near the celestial body. This Note
is concerned with maneuver near the celestial body by using the
generalized three-dimensionalmodel with the effects of both grav-
ity and atmospheric drag. Moreover, in this Note, the unmodeled
perturbing forces such as solar radiation pressure and nonspherical
gravitational effects are treated as disturbances.7 These perturbing
forces usually cause periodic variations8 and will be formulated as
trigonometric functions.

The main goal of this Note is, from a theoretic point of view, to
proposea new landingguidancelaw for ensuringthe vehiclelanding
on the celestial body in a � nite time and satisfying the landing con-
straint in the terminalphasewhen the spacevehicleapproachesa ce-
lestial body. That is, v ! 0 as r ! ra , where ra denotes the celestial
radius. By properly selecting the desired trajectory, the landingpro-
cess is transformed into a tracking problem. The variable structure
control (VSC) technique is then applied to the design of a tracking
control law. By the construction of a time-varying boundary layer,
the tracking performance is shown to be achieved at an exponential
convergence rate. Moreover, the modi� ed guidance law attained is
continuous and alleviates the classical chattering drawback of the
VSC control scheme. An illustrative example is also presented to
demonstrate the use of the results.

Landing Control Problem
The rendezvouskinematicsmodel in vectorialform are given by4

Çr = v, Çv = a ¡ ( l /r 3)r + f + d (1)

Here, r, v, a, f , and d denote the position, velocity, and applied,
drag, and disturbanceaccelerations,respectively,and l is the grav-
itational constant times the mass of the asteroid. The velocity v in
the spherical coordinate system (r, h , u ) can be expressed as9

v = Çrer + r Çh cos u eh + r Çu e u (2)
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where r is the distance from the spacecraft to the celestial object,
h and u are the azimuth and pitch angles with respect to the celes-
tial body, and er , eh , and e u are unit vectors along the coordinate
vectors. An atmospheric model with varying density would likely
be described by a combination of the outgassing type10 and the hy-
drostatic effects represented as an exponential model.7 The drag
acceleration f is, hence, assumed to have the form

f = ¡ b (v/ k vk )k vk 2 w1r
¡ 2 + w2e ¡ kr (3)

Here, b > 0 denotes the drag coef� cient, and w i is a weighting
constant for i = 1, 2.

Design of Smooth Guidance Control Law
Let x = [xT

1 , xT
2 ]T , where x1 = [x1 x2 x3]T = [r h u ]T and x2 =

[x4 x5 x6]T = [ Çr Çh Çu ]T . The system equations (1) then become

Çx1 = x2 (4)

Çx2 = A(x) + B(x)u + B(x)d (5)

where

A(x) =

x1x2
6 + x1x2

5 cos2 x3 ¡ l x2
1

2x5x6 tan x3 ¡ 2x4x5 / x1

¡ 2x4x6 / x1 ¡ x2
5 cos x3 sin x3

¡ b x2
4 + (x1x5 cos x3)2 + (x1x6 )2 ¢ w1r

¡ 2 + w2e
¡ kr

£
x4

x1x5 cos x3

x1x6

(6)

B(x) =

1 0 0

0 1/ x1 cos x3 0

0 0 1/ x1

, d =

d1

d2

d3

, u =

ar

ah

a u

(7)

We impose the following assumption on the disturbance.
Assumption 1: The uncertainty d is uniformly bounded with re-

spective to x and t , and there exists some w (x) function such that

k B(x)dk · w(x) for all t and x (8)

For the landing problem, we need to have r ! ra in a � nite time.
To achieve this goal, let xd = [xd1 xd2 xd3]T be the desired trajec-
tory of x1 where xd1, xd2, and xd3 are all twice differentiable func-
tions of t , and xd1 is chosen so that xd1 ! ra ¡ d , for some d > 0,
as t ! 1 . The landing process then becomes a trajectory tracking
problem.Denote the trackingerror vectoras e = x1 ¡ xd . The design
objective is then to synthesize a control law such that the closed-
loop system having the error vector e approaches zero. The system
equations (4) and (5) can then be rewritten as

Çe
Çn

=
n

A( n , e, xd ) + B(n , e, xd )u + B( n , e, xd )d ¡ ẍ2
d

(9)

where n = Çe, x1 = xd + e and x2 = Çxd + Çe. According to the design
of a VSC-type controller, the control input is divided into two parts.
One is the so-called equivalent control, and the other is compensa-
tion control. Also, such a design is known to consist of three steps:
1) choose an appropriate sliding surface S to be function of system
states, 2) design the equivalent control for the nominal system such
that the origin of the reduced model of the system on the sliding
surface S = 0 is asymptotically stable, and 3) implement an extra
controleffort to compensatefor possibleuncertaintiesand/or distur-
bances and steer all of the system states,which are not on the sliding
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surface, to the sliding surface. From the theory of VSC, the origin
of the system can then be guaranteed to be asymptotically stable.
Following the VSC design procedure, we choose a time-varying
sliding surface S as

S(e, n ) = n + Me = 0 (10)

where M 2 IR3 £ 3 is a positive-de�nite matrix. The VSC-type con-
troller has the form

u = ueq + uN (11)

where ueq denotes the equivalent control for the nominal system
(i.e., the system Eqs. (4) and (5) with d = 0), and uN is the control
to be designed to compensate for disturbancesand/or uncertainties.
First, we design the equivalentcontrol ueq for the nominal system to
guarantee the stability of the reduced model on the sliding surface.
Note that the input-relatedmatrix B(x) is nonsingular and

ÇS = ¡ ẍd + M n + A( n , e, xd ) + B( n , e, xd )u (12)

for d = 0. The equivalent control ueq can then be chosen as

ueq = B ¡ 1( n , e, xd )[ẍd ¡ M n ¡ A( n , e, xd )] (13)

which leads to ÇS = 0. From Eq. (10), the reduced system model on
the sliding surface, that is, S = 0, becomes

Çe = ¡ Me (14)

It is clear that the trackingerrorvectore exponentiallydecaysto zero
because M is a positive-de�nite matrix. This leads to the results of
x1 ! xd as time t increase for any system state lying on the sliding
surface S = 0. Next, we design the control u N to compensate for the
disturbance d and to drive all of the system states, which are not
on the sliding surface S = 0, to enter the sliding surface. For any
system state not lying on the sliding surface, that is, S(e, n ) 6= 0, we
have

ST ÇS = ST [A( n , e, xd ) + B( n , e, xd )(ueq + uN ) + Mx2 ¡ ẍd ¡ M Çxd

+ B( n , e, xd )d] = ST [B( n , e, xd )u N + B( n , e, xd )d] (15)

Let u N be given by

uN = ¡ [w (x) + g ]B ¡ 1( n , e, xd )g(S) (16)

where w(x) is de� ned in Eq. (8), g > 0 and

g(S) = 2S / (k S k + ²e ¡ c t ) (17)

Here, ² > 0 and c > 0 are selected by the designer and c is inter-
preted as the convergence rate to the sliding surface, which will
become clear in Eq. (22). Note that the control law uN is continuous
everywhere and that uN = 0 on the sliding surface.

For the case k S(t )k ¸ ²e ¡ c t and u = ueq + u N , we have

ST ÇS = ST [B( n , e, xd )u N + B( n , e, xd )d]

· ¡ 2(w(x) + g )
k Sk 2

k Sk + ²e ¡ c t
+ w (x) ¢ k Sk

· ¡ (w(x) + g ) ¢ k S k + w (x) ¢ k Sk

· ¡ g ¢ k Sk (18)

Thus, (e, n ) will reach the time-varying boundary layer

C (e, n , t ) = {ej k S(e, n , t )k · ²e ¡ c t } (19)

in a � nite time with time less than S(e0 , n 0 )/ g . This then implies
that the boundary layer C (e, n , t ) is an attractive invariant set for

S(e, n , t ). Now, we consider the behavior of (e, n ) 2 C (e, n , t ).
Let

z(t ) = Çe + Me (20)

where e satis� es Eq. (9). It follows that

e(t ) = e ¡ Mt e(0) +
t

0

e ¡ M (t ¡ s )z( s ) ds (21)

Because M is a positive-de�nite matrix, we have e ¡ Mt e(0) ! 0 as
t ! 1 , where the initial state is assumed to lie within C (e, n , t ).
Moreover, because (e, n ) 2 C (e, n , t ), from Eq. (19), we have
k zk ·²e ¡ c t and

t

0

e ¡ M ( t ¡ s )z( s ) d s

· k e ¡ Mt k ¢
t

0

k eM s k ¢ k z( s )k d s

· e ¡ k min (M )t ¢
t

0

e k max (M ) s ¢ ²e ¡ c s ds

·
e ¡ k min (M )t ¢ ²t

e ¡ k min (M )t ²/ [k max(M ) ¡ c ] e[ k max (M ) ¡ c ]t ¡ 1

if c = k max(M )

if c 6= k max(M ) (22)

where k min(¢ ) and k max(¢ ) denote the smallest and the largest eigen-
values of a matrix, respectively.Hence, we have

t

0

e ¡ M (t ¡ s )z( s ) ds ! 0

exponentially as t ! 1 when c > k max(M ) ¡ k min(M ). From
Eq. (21), we have the tracking error vector e(t ) ! 0 exponentially
as t ! 1 . This implies that x1 ! xd as t ! 1 . The next theorem
follows readily from the preceding derivations.

Theorem 1: Consider system (4) and (5). Let xd be a given
trajectory for landing. Suppose the disturbance d satis� es condi-
tions (8). Then, under the control law u = ueq + uN , where ueq and
u N are given by Eqs. (13) and (16), respectively, with M > 0 and
c > k max(M ) ¡ k min(M ), the landing performance can be achieved
at an exponential convergence rate. Moreover, the control law is
continuousand alleviates the chattering behavior.

Simulation Results
In this section, we present an example to illustrate the use of

the main result. In this example, the desired output is chosen as
y = [ra + (ro ¡ ra )exp( ¡ t /10) ¡ d , h f , u f ]T , where d is a positive
parameter to ensure that the vehicle lands on the celestial body in
� nite time. Now, consider the case of a spacecraft landing on a
spherical asteroid with radius ra = 10 km. Initial conditions for the
numerical study are adopted from Ref. 4 and drag coef� cients are
from Ref. 10. Other system parameters are chosen to satisfy landing
requirements and desired transient response. The system param-
eters are then given as ro = 200 km, h f = 0.5 rad, u f = 0.5 rad,
h o = 0.2 rad, u o = 0.2 rad, Çro = ¡ 20 km/h, Çh o = 0.2 rad/h and
Çu o = 0.2 rad/h, l = 4000 km3/h2 , k = 0.1, b = 0.02, g = 2, ² = 1,

d = 0.1 km, and c = 0.01. Moreover, the disturbances are assumed
to be d1 = 0.1 sin x3 , d2 = 0.5 cos x3, and d3 = 0.2 cos x3, whereas
the weighting factors are w1 = 1 and w2 = 1. Numerical simula-
tions are given in Fig. 1. In Fig. 1, the solid line shows the norm
of the error function e with scale multiplied by 102 , the dashed line
depicts the effect of gravity, and the dotted line exhibits the norm
of air drag with scale multiplied by 104 . It is observed from Fig. 1
that the trackingperformanceis achievedat an exponentialrate. The
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Fig. 1 Norm of tracking error e and the effects of air drag and gravity.

amount of accelerationhas been used to denote the required energy
consumptionfor the landingprocess.1,3,4 In this study, we adopt the
same idea to employ the norm of the control input u for expressing
the required energy for landing. The relationship between control
effort and mass of propellant m p required for landing can be ex-
pressed as11 k uk dt / [m0 / (m0 ¡ m p )], where m0 is the initial
vehicle mass.

Conclusion
We have considered the rendezvous of a space vehicle with a

celestial object. The study included the effects of drag and dis-
turbance. By employing the variable structure control technique, a
continuousguidance law has been proposed to guarantee the track-
ing performance and alleviate the classical chattering drawback.
The tracking performance has the property of exponential conver-
gence rate, which can be assigned by the designer. Finally, an illus-
trative example was presented to demonstrate the use of the main
results.
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I. Introduction

T HE performance of � exible spacecraft that contain constant-
velocity scanning payloads is degraded by vibration that cor-

rupts the desired motion. The vibration disturbances can come
from numerous sources including gravity gradients, attitude con-
trol reaction wheels,1 ¡ 3 jet propulsion systems,4 ¡ 6 thermoelastic
deformation,7,8 � uid sloshing,9 and payload-payloadinteractions.10

There are a number of possible ways to deal with these corrupt-
ing disturbances such as using vibration isolation systems,11 con-
currently designing the structure and controller,12 and generating
vibration-reducingmotion setpoints.13 Scanners often need to per-
form rapid changes in velocity and direction to achieve high cycle
throughput. These setpoint changes can induce vibration that cor-
rupts the constant-velocity portion of the scanning cycle. In this
case, the scanner motion corrupts its own signal.

Consider the positionpro� le shown in Fig. 1. The pro� le has sev-
eral regions where the desired scanning velocity is constant (§v1).
These constant-velocity regions are separated by high-velocity re-
gions (§v2) and changes in direction. This type of command is
used with systems that performconstant-velocityscanningover sub
regions of their workspace. Between these regions, the system at-
tempts to move rapidly to the next scanningregion. If the system has
� exibility, then the responsewill containvibrationsuperimposedon
the constant-velocitymotion.

Regions 1–4 of Fig. 1 represent the position ranges over which
the mass is required to move at the constant velocity, v1 , while
performing the scanningoperation.An auxiliary goal is to move the
system as slowly as possibleover the scan regionswhile keeping the
total duration of the cycle � xed. The slow scanning velocity allows
the sensor more time to make a measurement and, consequently,the
accuracy is improved.

The pro� le shown in Fig. 1 was chosen because it is representa-
tive of high-performance scanning pro� les. There is much to gain
by using high-velocity motions between the scanning regions. If
the system traveled at a single constant velocity over both the scan-
ning and nonscanningregions, the slowest scan velocity it could use
(given the position set points in Fig. 1) while still completing a cy-
cle in the desired time (0.25 s in this example) would be 6.24 cm/s.
However, if the nonscan velocity v2 were in� nite, the system could
traverse the scanning regions as slowly as 2.4 cm/s while still com-
pleting the cycle in 0.25 s.

The idealpro� le, then,has the smallestpossiblescanningvelocity
v1 and in� nite nonscanningvelocityv2 . This pro� le allots the maxi-
mum time available for the scanningprocess.The time available for
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